On Hurewicz properties  by Bukovský, Lev & Haleš, Jozef
Topology and its Applications 132 (2003) 71–79
www.elsevier.com/locate/topol
On Hurewicz properties ✩
Lev Bukovský ∗, Jozef Haleš 1
Institute of Mathematics, University of P. J. Šafárik, Jesenná 5, 040 01 Košice, Slovakia
Received 19 April 2002; received in revised form 6 November 2002
Abstract
We investigate Hurewicz properties introduced in [M. Menger, Sitzungberichte der Wiener
Akademie 133 (1924) 421–444] and [W. Hurewicz, Fund. Math. 9 (1925) 193–204] and later
introduced related properties of topological spaces. The main result says that for perfectly normal
spaces the property mQN introduced in [L. Bukovský et al., Topology Appl. 112 (2001) 13–40] is
equivalent to Hurewicz property E∗∗ω . As corollaries we obtain solution of several open problems
stated in this paper. A complete overview of relationships between the considered properties is
presented.
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Several authors investigated the properties of topological spaces introduced by Menger
[9] and Hurewicz [7]. However, some of them restrict their investigation to sets of reals
(e.g., [10]), some investigate separable metric spaces (e.g., [7]), and some apply the
obtained results to a larger class of topological spaces. As a result of these inconsistencies,
some false conclusions have been made. The aim of the paper is to clarify the relationship
between the relevant properties of spaces. The main result of the paper is Theorem 6 saying
that any mQN-space possesses the Hurewicz property H∗∗. This result solves several open
problems of [2].
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An infinite open cover U of a topological space X is said to be a γ -cover if every
point x ∈ X lies in all but finitely many members of the cover U . An infinite open
cover U is said to be an ω-cover if every finite subset of X lies in some member of U .
If f :X → R is a continuous function then the zero-set of the function f is the set
Z(f ) = {x ∈ X; f (x) = 0}. A normal space is said to be perfectly normal, shortly p.n.,
if every closed subset of X is the zero-set of some continuous function from X into R.
The set ωR of all sequences of reals is quasi-ordered by the eventual dominating relation
ϕ ∗ ψ ≡ (∃n0 ∈ ω)(∀n n0) ϕ(n)ψ(n).
A set F ⊆ ωR is called bounded if there exists a sequence ψ ∈ ωR such that ϕ ∗ ψ
for every ϕ ∈ F . The set F is dominating if for every ψ ∈ ωR there exists a ϕ ∈ F such
that ψ ∗ ϕ. The cardinals b and d (see, e.g., [4,17]) are the smallest cardinalities of an
unbounded and dominating family, respectively.
Let fn,f :X→ R, n ∈ ω, be real-valued functions. If limn→∞ fn(x)= f (x) for every
x ∈X then we write ‘fn → f on X’ or, when the topological space X is understood from
the context, simply ‘fn → f ’. If moreover the sequence {fn(x)}∞n=0 is non-increasing for
any x ∈ X then we write ‘fn ↘ f ’. The notation ‘fn QN−→ f ’ means that the sequence
{fn}∞n=0 converges quasi-normally to the function f , i.e., there exists a sequence {εn}∞n=0
of positive reals (a control) converging to 0 such that
(∀x ∈X)(∃n0)(∀n n0)
∣∣fn(x)− f (x)
∣∣< εn.
In [7] W. Hurewicz investigated two properties of a topological space X, namely the
property that we shall call H∗
for any sequence {fn}∞n=0 of continuous functions from X into R the family of sequences
of reals {{fn(x)}∞n=0; x ∈X} is not dominating
and the property that we shall call H∗∗
for any sequence {fn}∞n=0 of continuous functions from X into R the family of sequences
of reals {{fn(x)}∞n=0; x ∈X} is bounded.
Evidently
H∗∗ →H∗.
Then W. Hurewicz introduced the property E∗
for every sequence {Un}∞n=0 of open covers of X there exist finite subsets Vn ⊆ Un such
that {⋃Vn; n ∈ ω} is a cover of X
and his famous property E∗∗
for every sequence {Un}∞n=0 of open covers of X there exist finite subsets Vn ⊆ Un such
that {⋃Vn; n ∈ ω} is a γ -cover of X or a finite cover.
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Actually the property E∗ had been already investigated by Menger [9] as the property E.
Later on, Sierpin´ski [15] refers to it as the property M—in honour of Menger. Evidently,
E∗∗ → E∗.
It is easy to see that in the definitions of the properties E∗ and E∗∗ we can assume that
each cover Un+1 is a refinement of the cover Un, n ∈N.
Let us consider modifications E∗ω and E∗∗ω of the Hurewicz properties obtained by
replacing the words ‘open covers’ by ‘countable open covers’ in the above definitions,
respectively. It was pointed out in [13] that restricting the countable open covers to being
γ -covers one obtains the same notions. The properties E∗ω and E∗∗ω are equivalent to the
properties Ufin(O,O) and Ufin(O,Γ ∗) of [13], respectively, and also to the properties
Ufin(Γ,O) and Ufin(Γ,Γ ∗) of the same paper, respectively.
Let us remark (see also [13]) that any topological space with the property E∗ possesses
Lindelöf property (take Un = U for every n ∈ ω; then ⋃n∈ω Vn is a countable cover).
The main result of [7] is the proof of equivalences H∗ ≡ E∗ and H∗∗ ≡ E∗∗ for metric
separable spaces. We show that the implications
H∗ → E∗, H∗∗ → E∗∗
are not provable in ZFC for arbitrary topological space. Original Hurewicz’s proofs
actually produce
Theorem 1. E∗ω →H∗ and E∗∗ω →H∗∗ for any topological space.
Moreover, Hurewicz’s proof can be easily modified to a proof of
Theorem 2. H∗ → E∗ω and H∗∗ → E∗∗ω for any perfectly normal space.
Proof. Let {Un,k; k ∈ ω} be an open cover of X for any n ∈ ω. We can assume that
Un,k = ∅ for every n, k. Let fn,k :X→[0,1] be a continuous function such that Z(fn,k)=
X \ Un,k . Set fn =∑∞k=0 2−k · fn,k . Then fn is continuous and fn(x) > 0 for every
x ∈X.
Assume, e.g., that the space X possesses the property H∗∗. Then there exists a sequence
{rn}∞n=0 of positive integers such that {1/fn(x)}∞n=0 ∗ {rn}∞n=0 for any x ∈ X. For any n,
let kn be such that
∑
i>kn
2−i < 1/rn.
Set Vn = {Un,i; i  kn}. If fn(x)  1/rn then ∑kni=0 2−i · fn,i (x) > 0 and therefore
x ∈⋃Vn. Since for any x ∈ X, 1/fn(x)  rn for all but finitely many n, also x ∈⋃Vn
for all but finitely many n. Thus {⋃Vn; n ∈ ω} is a γ -cover of X.
The same argument shows that H∗ → E∗ω for perfectly normal spaces. ✷
Corollary 3. E∗ω ≡H∗ and E∗∗ω ≡H∗∗ for any perfectly normal topological space.
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In [1,2] the authors introduce and study the following properties of topological spaces.
A topological space X is called a wQN-space if for any sequence of continuous functions
from X into R converging pointwise to 0 on X, there exists a subsequence converging
quasi-normally to 0. The space X is said to be an mQN-space if every sequence fn ↘ 0 of
continuous real-valued functions converges quasi-normally. Evidently every wQN-space
is an mQN-space. One can easily see that the open weak distributivity introduced in [1] is
equivalent to the Hurewicz property E∗∗ω . Thus Theorem 5.8 of [1] says that
Perfectly normal wQN-space possesses the property E∗∗ω .
The notion of a γ -space was introduced in [6]: from every ω-cover one can choice a γ -
subcover or a finite subcover. In [1, Theorem 6.1] the authors prove that
Theorem 4. Every γ -space is a wQN-space.
In [10, p. 31], the authors note that a γ -set (subset of [0,1] or subset of a separable
metrizable space, which is a γ -space) has the Hurewicz property E∗∗ω . For the sake of
completeness we present a short proof of a stronger result:
Theorem 5. Every γ -space has the Hurewicz property E∗∗.
Proof. Let X be an infinite γ -space, {xn; n ∈ N} being pairwise distinct elements of X.
Let Un, n ∈N be a sequence of open covers of X, Un+1 being a refinement of the cover Un
for each n ∈N. We set
Wn =
{⋃
U \ {xn}; U ⊆ Un finite
}
.
Then W =⋃n∈NWn is a ω-cover. Since X is a γ -space, there are sets Vk ∈W such that
V = {Vk; k ∈N} is a γ -cover, i.e., X =⋃n
⋂
kn Vk .
It is easy to see that V does not contain infinitely many elements of any Wn. Thus—
if necessary taking the finite union of them—we can assume that |V ∩Wn| 1 for any
n ∈N. Let nk be such that Vk ∈Wnk . Then {Vk ∪ {xnk }; k ∈N} is the desired γ -cover. ✷
The notion of a nestled topological space was introduced in [2]. One can easily see that
a topological space is nestled if and only if it possesses the Hurewicz property H∗∗. Thus,
Theorem 3.8 (2) of the paper [2] says that mQN → H∗∗ holds true for metric separable
spaces. Now, we show that actually
Theorem 6. Every mQN-space possesses the property H∗∗.
Proof. Let fn :X→R+, n ∈ ω, be continuous function. For any n, k ∈ ω we set
h0n(x)= 1, hkn(x)=min
{
1, fn(x)/k
}
for k > 0. (1)
Then hkn  hk+1n and hkn  1 for any k, n ∈ ω. Let
gk(x)=
∞∑
i=0
hki (x)
2i
.
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Then gk  gk+1. We show that gn ↘ 0.
Let x ∈ X and ε > 0 be arbitrary. Let l ∈ ω be such that 3 · 2−l < ε and let k0 =
max{2l,2l · f0(x), . . . ,2l · fl(x)}. Since for k  k0 and i  l
hki (x)
1
k
fi(x)
1
k
· k0
2l
 1
2l
,
we obtain
gk(x)=
l∑
i=0
hki (x)
2i
+
∑
i>l
hki (x)
2i
 2
2l
+ 1
2l
< ε
for k  k0. By the property mQN there exists a decreasing sequence {εn}∞n=0 of positive
reals converging to 0 such that
(∀x ∈X)(∃n0)(∀n n0)gn(x) < εn.
One can easily see that the sequence dn = min{m; εm < 2−n} is non-decreasing and
unbounded.
Now, let x ∈X be given. Let n0 be such that gn(x) < εn for every n n0. Let n1  n0
be such that dn  n0 for n n1. If n n1 then
gdn(x) < εdn < 2−n
and therefore hdnn (x) < 1. By (1) we obtain fn(x) < dn for any n n1. ✷
Theorem 6 together with Theorem 2 answer negatively Problem 3.10 of [2].
By [11] a topological space X possesses the monotonic sequence selection property,
shortly MSS, if for any sequence of sequences {{fn,k}∞k=0; n ∈ ω} of continuous functions
from X into R such that fn,k ↘ 0 (when k→∞) for each n ∈ ω, there exists a sequence
of natural numbers {kn}∞n=0 such that fn,kn → 0. One can easily see that in the definition
we can restrict to continuous functions with positive values. Following an idea of [12] one
can easily prove
Theorem 7. Any topological space with the property MSS is an mQN-space.
Proof. Let fn ↘ 0, fn > 0. Set fn,k = 2n · fk . Then fn,k ↘ 0 for each n ∈ ω. By the
property MSS there exists a sequence {kn}∞n=0 such that fn,kn → 0. Then fkn
QN−→ 0 with the
control 2−n. Using the monotonicity of the sequence {fn}∞n=0 one obtains fn
QN−→ 0. ✷
We shall see that Theorem 1 of [11] saying that E∗∗ ≡MSS for perfectly normal spaces
is not correct. The implication MSS → E∗∗ cannot be proved in ZFC. Actually, the remark
in [13] (compare [11] p. 2790) that in the definition of the property E∗∗ one can restrict to
γ -covers is not true.
We show
Theorem 8. Any topological space with the property H∗∗ has the property MSS.
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For the proof we need a technical auxiliary result.Lemma 9. If fn ↘ 0 is a sequence of continuous functions from X into R then there exists
a continuous function h :X→R such that
(∀x ∈X)(∀n > h(x))∣∣fn(x)
∣∣< 1. (2)
Proof. Set
gn(x)=min{1, fn(x)}, g(x)=
∞∑
i=0
1
2i
gi (x).
The function g :X→[0,2) is continuous. Set
h(x)=− log2
(
2− g(x)).
If x ∈ X and fn(x)  1 then using the monotonicity of the sequence {fn}∞n=0 we obtain
that g0(x)= · · · = gn(x)= 1. Thus g(x) 2− 2−n and therefore h(x) n. ✷
Proof of Theorem 8. Let {{fn,k}∞k=0; n ∈ ω} be a sequence of sequences of continuous
functions from X into R such that fn,k ↘ 0 for each n ∈ ω. By Lemma 9 there exists a
sequence {hn}∞n=0 of continuous functions from X into R such that
(∀x ∈X)(∀k > hn(x)
)∣∣fn,k(x)
∣∣< 1
2n
.
Since the topological space X possesses the property H∗∗ there exists a sequence of natural
numbers {kn}∞n=0 such that
(∀x ∈X)(∃n0)(∀n n0)hn(x) < kn.
Then fn,kn → 0. ✷
Corollary 10. For any topological space the following properties are equivalent
MSS ≡mQN≡H∗∗ ≡ nestled.
The corollary answers Problems 3.11 (1) and (2) of [2].
Corollary 3.2 of [1] says that
non(wQN)= b.
In [5] it was shown that (for a definition of p see, e.g., [4,17])
non(γ -set)= p.
It is easy to see (compare Theorem 3 of [10], Lemma 5 of [12] and [8]) that
non(H∗)= d, add(H∗∗)= b.
The consistency of inequalities between cardinal invariants assumed in the next exam-
ples are well known, see, e.g., [17]. Thus, we obtain consistently existing counterexamples
for several implications between the considered properties.
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Example 1.(a) If b > ℵ1 then the discrete space of cardinality ℵ1 is a wQN-space, which does not
possess the Lindelöf property, therefore it is neither an E∗∗ nor an E∗ space.
(b) If p< b then there exists a set of reals of cardinality p, which is not a γ -space and is a
wQN-space.
Example 2. W. Hurewicz [7] already has remarked that every compact space possesses the
property E∗∗. On the other hand every separable metric wQN-space is perfectly meager [1].
Thus any metric compact space without isolated points possesses the property E∗∗ and is
not a wQN-space.
Example 3.
(a) If b < d then the discrete (perfectly normal) space of cardinality b possesses the
properties H∗ and E∗ and does not possess the properties H∗∗ and E∗∗ω .
(b) If α = add(M) = cof(M) (for the definitions see, e.g., [17], M is the family of
meager subset of the unit interval [0,1]) then there exists an α-Luzin set X ⊆ [0,1],
i.e., X is not meager and |X ∩A|< α for any meager A⊆ [0,1]. One can easily show
that an α-Luzin set possesses the property E∗ and does not possess the property H∗∗—
see the classical proofs in [7, p. 196] and [14].
Example 4. A countably compact non-compact topological space possesses the property
E∗∗ω and does not possess the property E∗. Examples of such spaces are given, e.g., in [3,
p. 261]. None of those examples is a perfectly normal space. The existence of a perfectly
normal countably compact non-compact space neither can be proved nor can be refuted in
ZFC, see, e.g., [16, pp. 597–598].
We summarize the relationship between considered notions in a diagram (see Fig. 1).
A thick arrow in the diagram means that the implication between the corresponding
properties is provable in ZFC. The note ‘p.n.’ indicates that the implication was proved
for perfectly normal spaces only. A negated thick arrow means that the existence of
a counterexample can be constructed in ZFC. A negated thin arrow means that it is
consistent with ZFC to assume the existence of corresponding counterexample. The main
counterexamples and theorems are indicated. From a typografical reason we did not include
in the diagram the negated arrow from wQN into E∗ (Example 1 (a)). Including this
exception, the diagram is complete in the sense that the relationship between any two
properties is either expressed by an arrow (or negated arrow) or can be deduced from the
presented arrows.
We finish with formulating the main open problems.
Problem 1. Find in ZFC an E∗-set of reals which does not have the property E∗∗ω .
Problem 2. Find in ZFC a perfectly normal E∗∗ω -space which does not possess the
property E∗.
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